Introduction
Equilibrium methods of statistical mechanics are widely used in the collision physics of medium and heavy ions in intermediate and high energies for analyzing the particle yield and for studying the thermodynamic properties (equations of state) of finite nuclear systems. The exact accounting for the charge conservation is important for describing the phenomena of nuclear multifragmentation [1], [2] and particle yielding processes in ultrarelativistic collisions of heavy ions [3] , [4] . Recently, the application of these conservation laws in the framework of statistical models has been made possible by the development of methods for exactly solving the partition function of the canonical ensemble. Exact solutions of the partition function of the canonical ensemble based on recursive equations [5] are known only for a very limited number of problems, such as the ideal quantum gas of N identical particles [6]- [9] and the statistical models of multifragmentation with classical statistics [10]- [12] . Recursive equations in application to nuclear multifragmentation of a system of nucleons with baryon number conservation were considered in [10], [11], [13] . For a system of protons and neutrons with electric charge and baryon number conservation, recursive equations were deduced in [12] and used to study multifragmentation in [14] , [15] . For a statistical model of multifragmentation with quantum statistics, exact solutions were known only if the baryon number is conserved [9] .
In this paper, we have found a new algebraic method for deducing recursive equations for the partition function of the canonical ensemble in the occupation number representation in classical and quantum statistics and parastatistics. Using this method, we can obtain recursive relations for the partition function and for the ensemble averages in the framework of a new statistical model of nuclear multifragmentation with baryon number and electric charge conservation for the Bose-Einstein and Fermi-Dirac statistics and parastatistics, taking the internal degrees of freedom of the nuclear fragments into account. The advantages * Joint Institute for Nuclear Research, Dubna, Moscow Oblast, Russia; Institute of Applied Physics, Academy of Sciences of Moldova, Chisinau, Moldova, e-mail: parvan@thsun1.jinr.ru. Fizika, Vol. 140, No. 1, pp. 100-112, July, 2004 . Original article submitted March 12, 2003 revised July 9, 2003. of this model over other models of nuclear multifragmentation are that (a) the canonical ensemble we use accounts for the baryon number and electric charge conservation, (b) the model can be generalized to cover the case where the fragments follow quantum statistics or parastatics, and (c) the developed model allows for an exact solution of the problem. The partition function of this model can be reduced to a generalized sum with multinomial coefficients. We also note that both for the multifragmentation model with conserved baryon number and for the ideal gas of N identical particles, the partition function can be reduced to a sum with multinomial coefficients [5] , regardless of the statistics that the fragments (particles) follow.
Translated from Teoreticheskaya i Matematicheskaya
In Sec. 2, we consider an ideal gas of N identical particles in the canonical ensemble and formulate a method for deriving the recursive relations. In Sec. 3, we generalize this method to the statistical model of multifragmentation with baryon number conservation. In Sec. 4, we formulate a statistical model of multifragmentation with electric charge and baryon number conservation and provide recursive relations for the partition function of this model. In Sec. 5, we discuss the obtained results and make some final comments. In the appendices, we deduce the recursive relations and prove the main identity.
An ideal gas of N identical particles: The canonical ensemble
The partition function of an ideal gas of N identical particles in the canonical ensemble [16] is
where β = 1/T , ε p are the single-particle energies, and δ is the Kronecker symbol. The allowed values of n p are
where K = 1 for Fermi-Dirac statistics and K = N for Bose-Einstein and Maxwell-Boltzmann statistics.
The number of states of the system corresponding to {n p } is G({n p }) = 1 for Fermi-Dirac and Bose-Einstein statistics and G({n p }) = 1/ p n p ! for Maxwell-Boltzmann statistics with correct Boltzmann enumeration. We note that for a given physical system, a corresponding set of quantum numbers and single-particle energies is given. In this paper, we also consider a purely mathematical problem where the particles follow parastatistics [17] , for which 1 < K < N and G({n p }) = 1. Partition function (1) satisfies the recursive relations [6]-[9]
where Q 0 = 1, y l = (∓1) l+1 (hereafter, the upper and lower signs correspond to the respective FermiDirac and Bose-Einstein statistics), and y l = δ l,1 for Maxwell-Boltzmann statistics. We note that y l = 1 − (K + 1)δ(l/(K + 1) − [l/(K + 1)]) for parastatistics. Hereafter, [a] denotes the integer part of a. We now prove recursive relations (3) for partition function (1). We use the relation (proved in Appendix A)
